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The transient response of an infinite flat plate of finite thickness has been analyzed, for many cases (Refs. 1 through 5). However, the most general solution for eonvective environments (different surface heat-transfer coefficients and thermal environments on each side of the plate) is not available, although the possibility of the solution is mentioned in Ref. 1. The transient response of a plate subjected to unsymmetrlcal boundary conditions is very important in many analyses. For example, the transient time is the prime period of interest in evaluating the behavior and application of structures subjected to unsymmetrical boundary conditions, such as exhaust gas diffusers for simulating the high altitude environment of rocket engines, rocket engine nozzles, ejectors, tunnel walls of high temperature short run time test facilities, nozzles of intermittently operated rockets, and components of aircraft and missiles in high speed flight. In many of the above cases, the engineer is ultimately interested in predicting coolant flow rates necessary to keep the wall within structural and material temperature limits. It is reasonable to expect that the coolant rate necessary for a short time test or exposure may be of a reasonable magnitude, whereas the coolant rate necessary for steady-state operation may be completely unreasonable in some of the above applications.
This analysis presents an exact solution for the temperature response in a solid bounded by two parallel planes with unsymmetrical boundary conditions. Implicit in the solution is the capability of predicting a coolant flow rate necessary to keep an exposed wall within structural and temperature limits.
SECTION II ANALYSIS

PHYSICAL SYSTEM
The physical system considered in this analysis is shown in Fig. 1 , An infinite plate of finite thickness £ is initially at a uniform temperature f(x) throughout. At time t ^ o, the face at x = a is exposed to a high temperature eonvective environment at temperature v . Similarly, for time t > o, the face at x = £ is exposed to a lower temperature eonvective environment at temperature v . Assume that the surface heattransfer coefficients h and h are uniform and constant at x = o and 1 2 x = £ f respectively. The thermal conductivity and thermal diffusivity are given by k and K, respectively, and are assumed to be independent of temperature and position.
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MATHEMATICAL MODEL
A basic energy balance on the plate shows that the partial. differential equation describing the temperature distribution in the plate is given by ^ ^ This equation is subject to the following boundary conditions:
and the initial condition:
The above system of equations can be solved by many different techniques. However, the principle of superposition is especially convenient for this problem. Assuming that the solution can be expressed as v(x,t) -u(x) + w(x,t)
where u(x) is the steady-state contribution to temperature and w(x,t) is the transient contribution, then u(x) must satisfy the differential equation ^ = o os x -i (3) dx 2 subject to the following boundary conditions:
The function w(x,t) must then satisfy the partial differential equation It may be shown that by using the product-type solution, the solution to the system of Eq. (k) is 
Therefore, the solution to Eq. (l), using the assumption of Eq» (2), is the sum of Eqs. (5) and (6), or It is beyond the scope of this work to prove that Eq,. (2) represents the unique solution to the system of Eq. (l) and that Eq. (2) is a uniformly convergent solution; uniqueness and uniform convergence may be shown readily.
For simplicity, let the general solution (Eq. [2]) be modified by assuming that f(x) = f (x) = V = initial plate temperature (9) Substitute Eq. (9) 
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The equation for the eigenvalues, Eq. (8) in dimensionless form becomes
Equations (ll) and (l2) are sufficient to determine the dimensionless temperature distribution in an infinite plate of finite thickness exposed to unsymmetrical boundary conditions.
In addition to checking Eq. (ll) for uniqueness and uniform convergence, one may also show that it reduces properly to various "special cases". The Heisler or Groeber-type solution (face at x = 0 insulated or 1L, = 0, and N_ finite) available in most textbooks on heat transfer is readily obtained by letting HL = 0 in Eq. (ll). Other Equations (ll), (12), ana (l6) are sufficient to determine the temperature-time history and the total heat flow into or out of the plate as functions of time, the system Biot numbers, the environment temperature at the faces of the plate, and the initial temperature of the plate.
SECTION III RESULTS
GENERAL
The eigenvalues e were calculated from Eq. (12) Unfortunately, in Eq. (ll) it is not possible to obtain only the system temperature terms on the left side of the equation and only the Biot and Fourier numbers on the right side of the equation. This eliminates the possibility of a general dimensionless plot of Eq. (ll). However, if it is assumed that the initial temperature of the plate V equals the environment temperature v , then the dimensionless temperature parameters 6 and \[r become 0 and 1, respectively. The right side of Eq. (ll) then becomes a function of H_ , K_ , and Kt/£2 only. This is a reasonable assumption for some of the typical applications that were mentioned. With this assumption, the quantitative effect of varying conditions of surface heat transfer, plate thickness, run time, and material properties on the temperature response of the plate can be determined. It should be emphasized that the application of these equations is not restricted to any one material, environmental temperature difference, heat-transfer coefficient, or run time because of the dimensionless character of the solution.
ILLUSTRATIVE EXAMPLE
The solution can best be appreciated by considering a typical problem. Consider the case of an exhaust gas diffuser for simulating the high altitudes necessary to evaluate the performance of rocket engines.
It is desired to know the temperature response of the diffuser wall "because the response must "be limited to maintain the structural integrity of the diffuser. The wall is initially at temperature V, cooled by a constant temperature v = V water reservoir at x = i, and at t > 0 is subjected to a high temperature gas flow at temperature v l at X as 0. For this example let EL "be 0.3 and EL 0.6. the wall he 1 2 o ■ of 3/8-in. thick mild steel, the cooling water temperature be 70 F, and the hot gas temperature be it-,O00 o F. Determine the length of time for the wall at face x = 0 to reach 800°F, which -will be assumed to be the limiting structural temperature. Figure 3 shows that the wall temperature at x = £ responds at a slower rate than the wall temperature at x = 0, as one would expect. Also, the temperature, response decreases with Increasing EL for a fixed EL .
Figure k gives example heat storage curves for various combinations of EL and EL as a function of the Fourier number Kt/,0 2 .
SECTION IV CONCLUSIONS
Through the use of Eqs. (ll), (12), and (l6), general temperaturetime plots and energy-stored plots can be developed to cover all cases of interest for a given situation. For design purposes the temperature distribution in a wall is of importance in determining thermal stresses, structural integrity, and peak surface temperatures. For the example considered, it is shown that the ratio of EL to EL can be of significant
importance in reducing the temperature response of a wall. For a specific problem, the equations may be used to determine the most economical combination of wall material, wall thickness, and coolant flow rate and temperature; or even if it is feasible to limit a given wall to an acceptable temperature response. 
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